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Abstract
Topological insulators in odd dimensions are characterized by topological numbers. We prove
the well-known relation between the topological number given by the Chern character of the Berry
curvature and the Chern-Simons level of the low energy effective action for a general class of
Hamiltonians bilinear in the fermion with general U(1) gauge interactions including non-minimal
couplings by an explicit calculation. A series of Ward-Takahashi identities are crucial to relate the
Chern-Simons level to a winding number, which could then be directly reduced to Chern character
of Berry curvature by carrying out the integral over the temporal momenta.
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I. INTRODUCTION
Topological insulators inD = 2n+1 dimensions are characterized by topological numbers.
One characterization is given by the Chern character of the Berry connection from the
eigenfunctions of the Hamiltonian in the valence band [1, 2], the other characterization is
given by the level of the Chern-Simons action which appears in the effective action after
integrating out the fermion coupled to a smooth external U(1) gauge field, i.e., photon [3–
9]. These two characterization are known to be equivalent because they both arise from the
current correlation functions and there are explicit proofs for various cases.
For example, the famous TKNN number [1] describes integer Hall conductivity in spatial
two-dimensional systems and it is valid for all kinds of band structures neglecting interac-
tions between electrons. Meanwhile, in their paper, Golterman Jansen and Kaplan (GJK)
also gave an expression of conductivity of Chern-Simons current by free Wilson fermion
propagator on the lattice with odd-dimensional Euclidean spacetime and found out that the
topological number is given by the homotopy class for the map TD → SD [9] . The relation
is well-known to many people, and in the continuum theory or in some special models there
exist studies for the relations [10, 11].
In Ref. [12] a proof is given for a large class of models for general odd dimensions, where
they consider the most general lattice action for arbitrary free kinetic term on the lattice
which is then coupled to U(1) gauge field in a minimal way, i.e. with the gauge interaction
in the form of
H(A) =
∑
m,n
ψ†mhmne
iAmnψn +
∑
m
ψ†mψm, (1)
where m,n are the lattice sites hmn are the hopping parameters and Amn is the line integral
of the gauge field along the straight line connecting the sites m and n. The advantage of this
class of Hamiltonian is that the contact interactions such as fermion-fermion-multi-photon
vertices do not contribute to the final expression so that only a set of Feynman diagram which
appear also in the continuum theory gives non-vanishing contributions. Of course, this type
of gauge interaction is physically motivated since it is based on the famous method of ‘Peierls
substitution’ [13]. However, in more general situation, the gauge interaction may not always
be described by such a single straight Wilson-line. It could be a linear combination of various
Wilson-lines of arbitrary path, which can give non-minimal coupling. In such cases, one has
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to include the contribution of contact interaction vertices.
In this paper, we consider generalized lattice Hamiltonian so as to include more non-
minimal gauge interactions. We give an explicit proof of the equivalence of the two topo-
logical numbers for gapped fermion systems with Hamiltonian on the lattice given by the
bilinear form of the fermion coupled to external U(1) fermions. We also discuss how the
relation can give the Chern character in higher dimensional case.
The organization of this paper is as follows. In the next section we rewrite the level of
the Chern-Simons effective action for the gapped fermion system coupled to a U(1) gauge
field using the Feynman rule and relate it to the winding number of a map from TD to the
fermion propagator space in D = 2+1 and D = 4+1 dimensions. In Section 3, we show the
equivalence of the winding number to the Chern number for the Berry curvature. Section 4
is devoted to summary and conclusion.
II. GAPPED FERMION SYSTEM ON THE LATTICE
A. General gapped fermion system
We consider a gapped fermion system on a lattice (or condensed matter systems on a
translational invariant crystal) with the following action in Euclidean space in D = 2n + 1
dimensions. (Note that the time is continuous but the space is discrete as in the condensed
matter systems.)
SE =
∫
dt
∑
~r
ψ†(t, ~r)
[
∂
∂t
+ iA0 +H( ~A)
]
ψ(t, ~r), (2)
where ~r runs over the 2n dimensional spatial lattice points. We will set x0 = t in the fol-
lowings. The Hamiltonian H( ~A) is given by a summation over all the possible hoppings
on the lattice which include gauge interactions with a smooth external U(1) gauge field
Aµ = (A0, ~A). The fermion fields ψ
†(t, ~r) and ψ(t, ~r) give creation and annihilation oper-
ators of fermions after quantization. We assume that when the gauge field is turned off,
the Hamiltonian is translational invariant so that it can allow band structures. We also
assume that there are Nv bands and Nc bands below and above the fermi level, respectively.
Therefore the fermion fields have Nv+Nc components. We also assume that when the gauge
field is turned off, the Hamiltonian is translational invariant.
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B. Effective gauge action
Since the fermion system is gapped with a gap size ∆ > 0 , the effective gauge action
obtained by integrating out fermions can be expanded in terms of gauge invariant local
actions as
Seff =
∑
k
akSk(A). (3)
Here, Seff(A) is defined as
eSeff =
∫
DψDψ†e−SE , (4)
and Sk(A) are the gauge invariant actions given by the local Lagrangian Lk(A) and ak are
the coefficients. By dimensional analysis, if the Lagragian Lk(A) has a mass dimension
dk the coefficient ak is suppressed by the dk − (2n + 1)-powers in
1
∆
or lattice spacing a.
Many of the Lagrangians are given in terms of gauge invariant field Fµν = ∂µAν − ∂νAµ,
(e.g. SF
2
µν,ρσ ≡
∫
d2n+1r FµνFρσ with a coefficent a
F 2
µν,ρσ). Since we do not have the Lorentz-
invariance on the lattice, the structure of the coefficients ak in the effective action heavily
depend the geometry of the lattice.
However, there is a very special parity-violating term called Chern-Simons action Scs(A)
given by
Scs(A) =
∫
d2n+1x ǫα0β1α1···βnαnAα0∂β1Aα1 · · ·∂βnAαn . (5)
This action is topological and always takes this form no matter what the geometry of the
lattice is. Topological information of the fermion system is contained in the effective action
through the coefficient ccs as
Seff(A) = iccsScs + other gauge invariant terms. (6)
Here the gauge invariance of the action requires that the coefficient is quantized as
ccs =
k
(2π)n(n + 1)!
, k ∈ Z. (7)
Since the Chern-Simons action is of the lowest dimension in the parity-violating sector, the
coefficient ccs can be obtained by the following quantity
ccs =
(−i)n+1ǫα0β1α1···βnαn
(n + 1)!(2n+ 1)!
(
∂
∂(q1)β1
)
· · ·
(
∂
∂(qn)βn
)
×
n∏
i=1
∫
dDxie
iqixi
δn+1Seff(A)
δAα0(x0)δAα1(x1) · · · δAαn(xn)
∣∣∣∣∣
qi=0
. (8)
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In the continuum theory or in simple lattice fermions such as Wilson fermion, this can
be rewritten in terms of fermion path-integral as
ccs = −
(−i)n+1ǫα0β1α1···βnαn
(n+ 1)!(2n+ 1)!
n!
(
∂
∂(q1)β1
)
· · ·
(
∂
∂(qn)βn
)
×
∫
dp0
2π
∫
BZ
d2np
(2π)2n
Tr
[
SF (p+ qn+1)Γ
(1)[qn+1, α0; p]SF (p)Γ
(1)[q1, α1; p− q1]SF (p− q1) · · ·Γ
(1)(qn, αn; p)
]∣∣
qi=0
.
(9)
Here, BZ stands for the Brillioune zone, qn+1 ≡ q1+ · · ·+ qn, SF (p) is the Fourier transform
of the free fermion propagator
1
∂
∂x0
+H( ~A = 0)
with momentum p, and Γ(1)[q, α; p] is the
fermion-fermion-photon vertex with in-coming fermion momentum p and in-coming photon
momentum q. However, the situation is not simple in general, since there are also con-
tributions from contact interactions such as fermion-fermion-multi-photon vertices, which
can naturally arise from non-minimal gauge couplings or generic lattice artifacts. In the
following, we will explicitly show that these contributions automatically cancel against the
contributions from the momentum derivative of vertex functions due to the Ward-Takahashi
identities.
In the next subsection, we formulate how to evaluate Eq.(8) using fermion propagators
and vertex functions for general Hamiltonian system.
C. Fermion propagator representation of Eq.(8)
The effective action can be given by the log of the fermion determinant as
Seff(A) = Tr [ln (D0 +H(A))] , (10)
where D0 =
∂
∂x0
+iA0. Splitting the kinetic operatorD0+H(A) into free part and interaction
part as
D0 +H(A) =
∂
∂x0
+H0 − Γ(A), (11)
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where H0 is the free fermion part defined as H0 ≡ H(A)|A=0 and Γ(A) is the interaction
part defined as Γ(A) ≡ −iA0 −H(A) +H0. Plugging Eq.(11) into Eq.(10) we obtain
Seff(A)− const. = −
∞∑
n=1
1
n
Tr
[(
1
∂
∂x0
+H0
Γ(A)
)n]
= −
{
Tr
[
1
∂
∂x0
+H0
Γ(A)
]
+
1
2
Tr
[
1
∂
∂x0
+H0
Γ(A)
1
∂
∂x0
+H0
Γ(A)
]
+
1
3
Tr
[
1
∂
∂x0
+H0
Γ(A)
1
∂
∂x0
+H0
Γ(A)
1
∂
∂x0
+H0
Γ(A)
]
+ · · ·
}
(12)
Simple algebra shows that the following equation holds:
ǫα0β1α1
δ2Seff
δAα0(x0)δAα1(x1)
∣∣∣∣
A=0
= −ǫα0β1α1
{
Tr
[
1
∂
∂x0
+H0
·
δ2Γ(A)
δAα0(x0)δAα1(x1)
]∣∣∣∣∣
A=0
+ Tr
[
1
∂
∂x0
+H0
·
δΓ(A)
δAα0(x0)
·
1
∂
∂x0
+H0
·
δΓ(A)
δAα1(x1)
]∣∣∣∣∣
A=0
}
, (13)
From Eq.(13), we find that the Chern-Simons coupling for D = 2+ 1 dimension is given by
ccs = −
(−i)2ǫα0β1α1
2!3!
∫
d3p
(2π)3
(
∂
∂q1
)
β1{
Tr
[
SF (p)Γ
(2)[−q1, α0; q1, α1; p]
]
+ Tr
[
SF (p− q1)Γ
(1)[−q1, α0; p]SF (p)Γ
(1)[q1, α1; p− q1]
]}∣∣
q1=0
, (14)
where SF (p) is the fermion propagator
1
ip0+H0(~p)
and Γ(1)[q1, α1; p] and Γ
(2)[q1, α1; q2, α2; p] are
fermion-fermion-photon and fermion-fermion-photon-photon vertices with in-coming fermion
momentum p and in-coming photon momenta qi (i = 1, 2) with Lorentz index αi (i = 1, 2)
Γ(1)[q1, α1; p] =
∫
d2n+1x1 e
iq1·x1
∫
d2n+1y eip·y
δΓ[A](x, y)
δAα1(x1)
∣∣∣∣
A=0,x=0
, (15)
Γ(2)[q1, α1, q2;α2; p] =
2∏
i=1
(∫
d2n+1xi e
iqi·xi
)∫
d2n+1y eip·y
δ2Γ[A](x, y)
δAα1(x1)δAα2(x2)
∣∣∣∣
A=0,x=0
.
(16)
Note that the contributions with multi-photon vertices vanishes for the class of Hamiltonians
with gauge interactions given by a single straight Wilson-line because the multi-photon
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vertices are symmetric under the interchange of Lorentz indices of photons. When contracted
with the antisymmetric tensor, such contributions vanish. However, in general Hamiltonian
we must consider these contributions.
We also obtain
ǫα0β1α1β2α2
δ3Seff
δAα0(x0)δAα1(x1)δAα2(x2)
∣∣∣∣
A=0
= −ǫα0β1α1β2α2
{
Tr
[
1
∂
∂x0
+H0
·
δ3Γ(A)
δAα0(x0)δAα1(x1)δAα2(x2)
]
+Tr
[
1
∂
∂x0
+H0
·
δ2Γ(A)
δAα0(x0)Aα2(x2)
·
1
∂
∂x0
+H0
·
δΓ(A)
δAα1(x1)
]
+Tr
[
1
∂
∂x0
+H0
·
δ2Γ(A)
δAα0(x0)Aα1(x1)
·
1
∂
∂x0
+H0
·
δΓ(A)
δAα2(x2)
]
+Tr
[
1
∂
∂x0
+H0
·
δ2Γ(A)
δAα1(x1)Aα2(x2)
·
1
∂
∂x0
+H0
·
δΓ(A)
δAα0(x0)
]
+Tr
[
1
∂
∂x0
+H0
·
δΓ(A)
δAα0(x0)
1
∂
∂x0
+H0
·
δΓ(A)
δAα1(x1)
·
1
∂
∂x0
+H0
·
δΓ(A)
δAα2(x2)
]
+Tr
[
1
∂
∂x0
+H0
·
δΓ(A)
δAα0(x0)
1
∂
∂x0
+H0
·
δΓ(A)
δAα2(x2)
·
1
∂
∂x0
+H0
·
δΓ(A)
δAα1(x1)
]}∣∣∣∣∣
A=0
.
(17)
From Eq.(17), we find that the Chern-Simons level for D = 4 + 1 dimension is given by
ccs = −
(−i)3ǫα0β1α1β2α2
3!5!
∫
d5p
(2π)5
(
∂
∂q1
)
β1
(
∂
∂q2
)
β2
{ Tr
[
SF (p) · Γ
(3)[−(q1 + q2), α0; q1, α1; q2, α2; p]
]
+ 2Tr
[
SF (p− q2)Γ
(2)[−(q1 + q2), α0; q1, α1; p]SF (p)Γ
(1)[q2, α2; p− q2]
]
+ Tr
[
SF (p+ q1 + q2)Γ
(2)[q1, α1; q2, α2; p]SF (p)Γ
(1)[−(q1 + q2), α0; p+ q1 + q2]
]}
,
+ 2Tr
[
SF (p+ q1)Γ
(1)[q1, α1; p]SF (p)Γ
(1)[q2, α2; p− q2] SF (p− q2)Γ
(1)[−(q1 + q2), α0; p+ q1]
]}∣∣
q1=q2=0
,
(18)
where Γ(3)[q1, α1; q2, α2; q3, α3; p] is the fermion-fermion-photon-photon-photon vertex with
in-coming fermion momentum p and in-coming photon momenta qi (i = 1, 2, 3) with Lorentz
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index αi (i = 1, 2, 3) , which is given by
Γ(3)[q1, α1, q2;α2.q3, α3; p] =
3∏
i=1
(∫
d2n+1xi e
iqi·xi
)∫
d2n+1y eip·y
δ3Γ[A](x, y)
δAα1(x1)δAα2(x2)δAα3(x3)
∣∣∣∣
A=0,x=0
.
(19)
D. The case for D = 2 + 1 dimension (n = 1)
In D = 2+1 dimension, i.e. n = 1 case, the Chern-Simons coupling ccs has contributions
from the loop involving two fermion-fermion-photon vertices and the loop involving a single
fermion-fermion-photon-photon vertex (contact interaction) as
ccs = −
(−i)2
2!3!
∫
d3p
(2π)3
X, (20)
where X is given as
X = ǫα0β1α1
(
∂
∂q1
)
β1
{
Tr
[
SF (p)Γ
(2)[−q1, α0; q1, α1; p]
]
+ Tr
[
SF (p− q1)Γ
(1)[−q1, α0; p]SF (p)Γ
(1)[q1, α1; p− q1]
]}
. (21)
The first term on the right hand side is the one-loop contribution with contact interaction
and the second term is the usual one-loop contribution with simple fermion-fermion-photon
vertices.
Carrying out the momentum derivative with q,
X = ǫα0β1α1 ×
{
Tr
[
SF (p)
(
−
∂Γ(2)[q, α0; 0, α1; p]
∂qβ1
+
∂Γ(2)[0, α0; q, α1; p]
∂qβ1
)]∣∣∣∣
q=0
+Tr
[
SF (p)
(
∂Γ(1)[q, α1; p]
∂qβ1
−
∂Γ(1)[0, α1; p]
∂pβ1
)
SF (p)Γ
(1)(0, α0; p)
]∣∣∣∣
q=0
−Tr
[
SF (p)Γ
(1)[0, α1; p]SF (p)
∂Γ(1)(q, α0; p)
∂qβ1
]∣∣∣∣
q=0
−Tr
[
SF (p)Γ
(1)[0, α1; p]
∂SF (p)
∂pβ1
Γ(1)(0, α0; p)
]∣∣∣∣
q=0
}
.
(22)
In Appendix A , we derive the Ward-Takahashi identities as follows:
Γ(1)[0, α; p] = −
∂S−1F (p)
∂pα
, (23)
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∂2Γ(1)[k, µ; p]
∂kν∂pλ
∣∣∣∣
k=0
=
∂Γ(2)[k, µ; 0, λ; p]
∂kν
∣∣∣∣
k=0
=
∂Γ(2)[0, λ; l, µ; p]
∂lν
∣∣∣∣
l=0
. (24)
Using these identities, we obtain
X = ǫα0β1α1
{
2Tr
[
SF (p)
(
∂2Γ(1)[q, α1; p]
∂qβ1∂pα0
)]∣∣∣∣
q=0
− Tr
[
SF (p)
∂Γ(1)[q, α1; p]
∂qβ1
SF (p)
∂S−1F (p)
∂pα0
]∣∣∣∣
q=0
+Tr
[
SF (p)
∂S−1F (p)
∂pα1
SF (p)
∂Γ(1)(q, α0; p)
∂qβ1
]∣∣∣∣
q=0
−Tr
[
SF (p)
∂S−1(p)
∂pα1
∂SF (p)
∂pβ1
∂S−1(p)
∂pα0
]∣∣∣∣
q=0
}
,
= ǫα0β1α1 ×
{
2Tr
[
SF (p)
(
∂2Γ(1)[q, α1; p]
∂qβ1∂pα0
)]∣∣∣∣
q=0
+ 2Tr
[
∂SF (p)
∂pα0
∂Γ(1)[q, α1; p]
∂qβ1
]∣∣∣∣
q=0
+Tr
[
SF (p)
∂S−1F (p)
∂pα1
SF (p)
∂S−1F (p)
∂pβ1
SF (p)
∂S−1F (p)
∂pα0
]∣∣∣∣
q=0
}
. (25)
The first and the second terms on the right hand side can be combined to give a total
divergence which vanishes when we integrate over the momentum. Therefore, one finds that
the Chern-Simons coupling is given by the winding number as
ccs =
(−i)2ǫα0β1α1
2!3!
∫
dp0
2π
∫
BZ
d2p
(2π)2
Tr
[
SF (p)
∂S−1F (p)
∂pα0
SF (p)
∂S−1F (p)
∂pβ1
SF (p)
∂S−1F (p)
∂pα1
]
.(26)
E. The case for D = 4 + 1 dimension (n = 2)
The Chern-Simons coupling can be wriiten as
ccs = −
(−i)3
3!5!
∫
d5p
(2π)5
[X1 +X2 +X3 +X4] , (27)
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where X1, X2, X3, X4 are defined as follows
X1 = ǫα0β1α1β2α2
(
∂
∂q1
)
β1
(
∂
∂q2
)
β2
{
Tr
[
SF (p) · Γ
(3)[−(q1 + q2), α0; q1, α1; q2, α2; p]
]}∣∣
q1=q2=0
X2 = ǫα0β1α1β2α2
(
∂
∂q1
)
β1
(
∂
∂q2
)
β2{
2Tr
[
SF (p− q2)Γ
(2)[−(q1 + q2), α0; q1, α1; p]SF (p)Γ
(1)[q2, α2; p− q2]
]}∣∣
q1=q2=0
,
X3 = ǫα0β1α1β2α2
(
∂
∂q1
)
β1
(
∂
∂q2
)
β2{
Tr
[
SF (p+ q1 + q2)Γ
(2)[q1, α1; q2, α2; p]SF (p)Γ
(1)[−(q1 + q2), α0; p+ q1 + q2]
]}∣∣
q1=q2=0
,
X4 = ǫα0β1α1β2α2
(
∂
∂q1
)
β1
(
∂
∂q2
)
β2{
2Tr
[
SF (p+ q1)Γ
(1)[q1, α1; p]SF (p)Γ
(1)[q2, α2; p− q2] SF (p− q2)
Γ(1)[−(q1 + q2), α0; p+ q1]
]}∣∣
q1=q2=0
.
(28)
A little algebra shows that
X1 = ǫα0β1α1β2α23Tr
[
∂2Γ(3)[q, α2; r, α1; 0, α0; p]
∂qβ2∂rβ1
∣∣∣∣
q=r=0
SF (p)
]
, (29)
X2 = 2ǫα0β1α1β2α2{
2Tr
[
∂2Γ(1)[q, α0; p]
∂qβ1∂pα1
∣∣∣∣
q=0
SF (p)
∂S−1F (p)
∂pα2
SF (p)
∂S−1F (p)
∂pβ2
SF (p)
]
+Tr
[
∂2Γ(2)[q, α0; r, α1; p]
∂qβ2∂rβ1
∣∣∣∣
q=0
SF (p)
∂S−1F (p)
∂pα2
SF (p)
]
−2Tr

 ∂2Γ(1)[q, α0; p]
∂qβ1∂pα1
∣∣∣∣
q=0
SF (p)
∂Γ(1)[q′, α2; p]
∂q′β2
∣∣∣∣∣
q′=0
SF (p)



 , (30)
X3 = ǫα0β1α1β2α2{
2Tr
[
∂2Γ(1)[q, α1; p]
∂qβ1∂pα2
∣∣∣∣
q=0
SF (p)
∂S−1F (p)
∂pα0
SF (p)
∂S−1F (p)
∂pβ2
SF (p)
]
−Tr
[
∂2Γ(2)[q, α1; r, α2; p]
∂qβ1∂rβ2
∣∣∣∣
q=0
SF (p)
∂S−1F (p)
∂pα0
SF (p)
]
−2Tr

 ∂2Γ(1)[q, α1; p]
∂qβ1∂pα2
∣∣∣∣
q=0
SF (p)
∂Γ(1)[q′, α0; p]
∂q′β2
∣∣∣∣∣
q′=0
SF (p)



 , (31)
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X4 = 2ǫα0β1α1β2α2{
4Tr
[
∂Γ(1)[q, α0; p]
∂qβ1
∣∣∣∣
q=0
SF (p)
∂S−1F (p)
∂pα1
SF (p)
∂S−1F (p)
∂pβ2
SF (p)
∂S−1F (p)
∂pα2
SF (p)
]
−3Tr
[
∂Γ(1)[q, β1; p]
∂qα1
∣∣∣∣
q=0
SF (p)
∂Γ(1)[q′, β2; p]
∂q′α2
∣∣∣∣
q′=0
SF (p)
∂S−1F (p)
∂pα0
SF (p)
]
−Tr
[
∂Γ(1)[q, α0; p]
∂qβ1∂pα1
∣∣∣∣
q=0
SF (p)
∂S−1F (p)
∂pβ2
SF (p)
∂S−1F (p)
∂pα2
SF (p)
]
+Tr
[
SF (p)
∂S−1F (p)
∂pα0
SF (p)
∂S−1F (p)
∂pβ1
SF (p)
∂S−1F (p)
∂pα1
SF (p)
∂S−1F (p)
∂pβ2
SF (p)
∂S−1F (p)
∂pα2
]}
.
(32)
Here we have already used the Ward-Takahashi identities Eqs.(23, 24) as in the case of
D = 2 + 1 dimensions.
Now, we also have the following Ward-Takahashi identitiy given in AppendixA
∂2Γ(3)[q, µ; r, ν; 0, λ; p]
∂qα∂rβ
∣∣∣∣
q=r=0
=
∂3Γ(2)[q, µ; r, ν; p]
∂qα∂rβ∂pλ
∣∣∣∣
q=r=0
. (33)
Then, summing X1, · · · , X4 and using Eq. (33), we obtain
X1 +X2 +X3 +X4
= ǫα0β1α1β2α2[
∂
∂pα0
{
3Tr
[
Γ(2)[q, α1; r, α2; p]
∂qβ1rβ2
∣∣∣∣
q=r=0
SF (p)
]
+3Tr

 Γ(1)[q, α1; p]
∂qβ1
∣∣∣∣
q=0
SF (p)
Γ(1)[q′, α2; p]
∂q′β2
∣∣∣∣∣
q′=0
SF (p)


+8Tr
[
Γ(1)[q, α1; p]
∂qβ1
∣∣∣∣
q=r=0
SF (p)
∂S−1F (p)
∂pα2
∂SF (p)
∂pβ2
]}
+2Tr
[
SF (p)
∂S−1F (p)
∂pα0
SF (p)
∂S−1F (p)
∂pβ1
SF (p)
∂S−1F (p)
∂pα1
SF (p)
∂S−1F (p)
∂pβ2
SF (p)
∂S−1F (p)
∂pα2
]]
.
(34)
The total divergence term will vanish after integrating over the spatial momenta due to the
periodicity in BZ.
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Thus, we finally get
ccs = −
(−i)3 · 2
3!5!
∫
d5p
(2π)5
ǫα0β1α1β2α2
Tr
[
SF (p)
∂S−1F (p)
∂pα0
SF (p)
∂S−1F (p)
∂pβ1
SF (p)
∂S−1F (p)
∂pα1
SF (p)
∂S−1F (p)
∂pβ2
SF (p)
∂S−1F (p)
∂pα2
]
.(35)
Therefore, Chern-Simons coupling is given by the winding number with fermion propa-
gator also for D = 4 + 1 case.
We expect that the relation of Chern-Simons coupling and the winding number for general
Hamiltonian including non-minimal coupling holds for arbitrary odd dimensions (D = 2n+
1). This will be left for future studies.
III. EQUIVALENCE OF WINDING NUMBER AND CHERN NUMBER
In this section, we show the equivalence of the Chern-Simons coupling given by the
winding number expression and the Chern character given by the Berry connection for the
energy eigenstates in the valence bands.
The proof of this part is already given in Ref. [12], but since the proof is simple, we
give it here for completeness. We give the calculation for arbitrary odd (D = 2n + 1)
dimensions, even though we have shown that the Chern-Simons coupling ccs can be written
by the winding number using SF only for D = 2 + 1 and D = 4 + 1 dimensions.
In order to simplify the notation, hereafter we abbreviate the derivative with respect to
the momentum pµ as ∂µ ≡
∂
∂pµ
.
A. Winding number in D = 2n+ 1 dimension
The result of the previous section for D = 2 + 1 and D = 4 + 1 can be unified to the
following results: In the expression using the fermion propagator S(p), the Chern-Simons
coupling ccs in D = 2n+ 1 dimensions is given as
ccs = −
n! · (2n+ 1)(−i)n+1ǫi1i2···i2n
(n+ 1)!(2n+ 1)!
∫
d2np
(2π)2n
∫
dp0
2π
Tr
[
SF (∂0S
−1
F )
2n∏
k=1
(
SF (∂ikS
−1
F )
)]
= −
n! · (2n+ 1)(−i)n+1ǫi1i2···i2n
(n+ 1)!(2n+ 1)!
∫
d2np
(2π)2n
∫
dp0
2π
Tr
[
1
ip0 +H
i
2n∏
k=1
(
1
ip0 +H
(∂ikH)
)]
(36)
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Next we insert a complete set
∑
α
|α〉〈α|, where α is the label of energy. Then we have:
ccs =
n!(−i)n+2
(n+ 1)!(2n)!
∫
d2np
(2π)2n
J. (37)
Here J is defined as
J =
∑
α1,··· ,α2n
ǫi1i2···i2n
∫
dp0
2π
〈α1|∂i1H|α2〉〈α2|∂i2H|α3〉 · · · 〈α2n|∂i2nH|α1〉
(ip0 + Eα1)
2(ip0 + Eα2) · · · (ip
0 + Eα2n)
, (38)
where i1, · · · , i2n stand for the spatial indices and summation over these indices are implicitly
assumed following the Einstein’s contraction rule. All we have to do is to integrate over p0
using Cauchy’s theorem. In order to discuss it in detail let us define the key integral J as
follows.
B. p0 integration
Here, we use a trick to simplify the integration. It is easy to see that the expression
Eq. (36) is invariant under continuous deformation of SF (or H) provided that the integrand
remains to have no singularities. Therefore, under a continuous change of the Hamilitonian,
the winding number remains unchanged from its original value as long as the enegry spectrum
is kept gapped throughout the deformation.
Now, the most general Hamiltonian with Nv valence bands and Nc conduction bands is
expressed as
H(~p) ≡
Nv∑
a=1
Ea(~p)|a(~p)〉〈a(~p)|+
Nc∑
b˙=1
Eb˙(~p)|b˙(~p)〉〈b˙(~p)|, (39)
where |a(~p)〉 labeled by a is the energy eigenstate in the valence band with spatial momentum
~p and negative energy eigenvalue Ea(~p) < 0. The state |b˙(~p)〉 labeled by b˙ is the energy
eigenstate in the conduction band with spatial momentum ~p and positive energy eigenvalue
Eb˙(~p) > 0. One can continuously deform the Hamiltonian without hitting the singularity of
S(p) ( i.e. keeping the system gapped ) so that all energy eigenvalues in the conduction bands
and all energy eigenvalues in the valence bands are degenerate and momentum independent
(i.e. flat band ) respectively.
Then the deformed Hamiltonian Hnew which gives the same winding number becomes
Hnew(~p) = Ev
Nv∑
a=1
|a(~p)〉〈a(~p)|+ Ec
Nc∑
b˙=1
|b˙(~p)〉〈b˙(~p)|, (40)
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where Ev < 0, Ec > 0 are the momentum independent constant. Here the eigenstates are
identical to those with the original Hamiltonian.
Using the formulae Eqs. (B9), (B10) in Appendix B, one finds that in the insertion of
eigenstates sandwitching ∂iH , if states in the conduction bands appear in a row or if states
in the valence bands appear in a row, the matrix element vanishes. Therefore, in Eq.(38)
states in the valence bands and the states in the conduction bands should appear in an
alternating order. Therefore, J is expressed as
J =
Nv∑
a1,··· ,an=1
Nc∑
a˙1,··· ,a˙n=1
ǫi1j1···i2nj2n
[∫
dp0
2π
1
(ip0 + Ev)n+1(ip0 + Ec)n
〈a1|∂i1H|a˙1〉〈a˙1|∂j1H|a2〉 × · · · × 〈an|∂inH|a˙n〉〈a˙n|∂jnH|a1〉
+
∫
dp0
2π
1
(ip0 + Ec)n+1(ip0 + Ev)n
〈a˙1|∂i1H|a1〉〈a1|∂j1H|a˙2〉 × · · · × 〈a˙n|∂inH|an〉〈an|∂jnH|a˙1〉
]
(41)
Renaming the labels for eigenstates and using the definition of master integral in Appendix C
and substituting Eqs.(B11),(B12), we have
J =
Nv∑
a1,··· ,an=1
Nc∑
a˙1,··· ,a˙n=1
ǫi1j1···i2nj2n(−1)n(Ec − Ev)
2n
(
I [n+1,n](Ev, Ec)− I
[n+1,n](Ec, Ev)
)
〈a1|∂i1 a˙1〉〈a˙1|∂j1a2〉 × · · · × 〈an|∂in a˙n〉〈a˙n|∂jna1〉, (42)
where I [m,n](E1, E2) is defined as
I [m,n](E1, E2) ≡
∫
dp0
2π
1
(ip0 + E1)m(ip0 + E2)n
. (43)
The expression of I [m,n](E1, E2) after p
0 integration is given in Appendix C.
Substituting Eq. (C3) into Eq. (42), we obtain
J = −
Nv∑
a1,··· ,an=1
Nc∑
a˙1,··· ,a˙n=1
ǫi1j1···i2nj2n
(2n)!
(n!)2
〈a1|∂i1 a˙1〉〈a˙1|∂j1a2〉 × · · · × 〈an|∂in a˙n〉〈a˙n|∂jna1〉.
(44)
Using the formula for the Berry curvature in Eq. (B14) in Appendix B, J is finally expressed
as
J = (−1)n+1
Nv∑
a1,··· ,an=1
Nc∑
a˙1,··· ,a˙n=1
ǫi1j1···i2nj2n
(2n)!
(n!)2
inFa1a2i1j1 · · · F
anan+1
injn
(45)
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C. Results of ccs
Plugging Eq.(45) into Eq.(37)
ccs =
(−1)n
(n+ 1)!(2π)n
∫
BZ
chn(A), (46)
where chn(A) is the 2nd Chern character defined by
chn(A) =
1
n!
1
(2π)n
tr(Fn). (47)
Comparing this expression with Eq. (7)
ccs =
k
(n + 1)!(2π)n
, (48)
we arrive at the relation
k = (−1)n
∫
BZ
chn(A). (49)
This means that the Chern-Simons level and the topological number in terms of the Berry
connection is shown to be identical.
IV. SUMMARY AND CONCLUSION
We derived general TKNN formula from Chern-Simons level in the effective action for
lattice system with general Hamiltonian bilinear in fermion in (2+1)- and (4+1)- dimensions.
We have shown that Chern-Simons level is given by the winding number of a map from TD to
the fermion propagator space. For this relation Ward-Takahashi identities including higher
order relations are crucial.
The interesting point to note is that one does not need to assume anything but gauge
invariance. The detailed structure of minimal or non-minimal gauge coupling is irrelavant.
Also one does not need to assume that there exists an effective theory described by the
relativistic field theory.
We have proven that the Chern-Simons level can be expressed by the winding number of
the fermion propagator only for D = 2 + 1 and D = 4 + 1 dimensional case. Nevertheless,
once we assume this is true for any odd dimensions D = 2n+1, direct relation between the
Chern-Simons level and the n-th Chern character from the Berry connection defined by the
negative energy eigenstates is also shown to hold by a simple Cauchy integral.
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In principle, the Berry connection could give two independent topological numbers: one
from the Chern class, the other from the Chern character. In two space dimensions, Chern
class c1(A) and Chern characters ch1(A) are identical:
c1(A) = ch1(A) =
1
2π
tr (F) . (50)
However, in four space dimensions they are different:
c2(A) =
1
2
1
(2π)2
[
tr(F2)− (tr(F))2
]
, (51)
ch2(A) =
1
2
1
(2π)2
tr(F2). (52)
It turned out that it is the Chern character but not the Chern class which gives the same
topological information as the Chern-Simons level in the effective field theory approach.
The fact that the effective field theory approach cannot give the topological information
corresponding to the Chern class of the Berry connection may suggest that Berry connec-
tion approach can provide more detailed topological structure than effective field theory
approach. On the other hand, while the Berry connection approach is limited to the free
theory case, the effective theory approach can be applied also to interacting theories. This
may suggest that the robustness of Chern character against fermion interaction. Anyhow, it
would be interesting to study how the topological information contained in the Chern class
can be understood from effective field theory approach.
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Appendix A: Ward-Takahashi identities
In this appendix, we derive various identities among vertex functions and the inverse
fermion propagator obtained from gauge invariance, i.e. Ward-Takahashi identities. Finite
difference operator which appears in the hopping term of the lattice fermion system can be
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expressed in terms of infinite series of derivatives. For example, consider a gauge invariant
fermion bilinear term connected by a straight-line Wilson line in the µ direction as
X ≡ ψ†(t, ~x)ei
∫ ~x+a~µ
~x
d~r′· ~A(~r′)ψ(t, ~x+ a~µ), (A1)
where a is the lattice spacing and ~µ is the unit vector in the µ direction. This term can be
formally expanded as
X = a
∞∑
n=0
ψ†(t, ~x)
∞∑
n=0
an
n!
(
Dnµψ
)
(t, ~x), (A2)
where Dµ = ∂µ + iAµ. We assume that the Hamiltonian can be expressed in terms of
all sorts of fermion hopping terms connected by the Wilson-lines of arbitrary contours or
superpositions of them. Then, the action can be formally expanded as
S =
∫
dt
∑
~x
∞∑
n=0
ψ†(t, ~x)Mµ1···µn(Dµ1 · · ·Dµnψ)(t, ~x) (A3)
where summation over µ1, · · · , µn are implicit. Mµ1···µn are some N × N matrix where
N = Nc +Nv is the number of fermion degrees of freedom per site.
Expanding this action in terms of gauge fields and making Fourier transformations, one
can obtain the formal expressions of the inverse propagator and the vertex functions in
the momentum space. In the following, let us denote the inverse fermion propagator with
momentum p as S−1F (p) and the vertex functions with incoming fermion momentum p and
n photons with incoming momentum ki and µi components (i = 1, · · · , n) and outgoing
fermion with momentum p+
n∑
i=1
ki as Γ
(n)[k1, µ1; · · · ; kn, µn; p]. Then the formal expression
gives
S−1F (p) =
∞∑
n=0
Mµ1···µn
n∏
i=1
(ipµi) , (A4)
Γ(1)[k, µ; p] = −i
∞∑
n=1
n∑
a=1
Mµ1···µa−1µµa+1···µn
a−1∏
i=1
(i(p + k)µi)
n∏
i=a+1
(ipµi) , (A5)
Γ(2)[k, µ; l, ν; p]
= −i2
∞∑
n=1
n∑
a,b=1
a<b
Mµ1···µa−1µµa+1···µb−1νµb+1···µn
a−1∏
i=1
(i(p+ k + l)µi)
b−1∏
i=a+1
(i(p+ l)µi)
n∏
i=b+1
(ipµi)
− i2
∞∑
n=1
n∑
a,b=1
a<b
Mµ1···µa−1νµa+1···µb−1µµb+1···µn
a−1∏
i=1
(i(p+ k + l)µi)
b−1∏
i=a+1
(i(p+ k)µi)
n∏
i=b+1
(ipµi) ,
(A6)
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Γ(3)[k, µ; l, ν, r, λ; p]
= −i3
∞∑
n=1
n∑
a,b,c=1
a<b<c
Mµ1···µa−1 µ µa+1···µb−1 ν µb+1···µc−1 λ µc+1···µn
a−1∏
i=1
(i(p+ k + l + r)µi)
b−1∏
i=a+1
(i(p+ l + r)µi)
c−1∏
i=b+1
(i(p+ r)µi)
n∏
i=c+1
(ip + rµi)
+[ other 5 terms obtained from the permutaion of (µ, k), (ν, l), (λ, r)]. (A7)
Differentiating Eq.(A4) with respect to pµ and taking soft photon limit (k → 0) in Eq. (A5),
one obtains
∂S−1F (p)
∂pµ
= − Γ(1)[k, µ; p]
∣∣
k=0
= i
∞∑
n=1
n∑
a=1
Mµ1···µa−1µµa+1···µn
1∼n∏
i 6=a
(ipµi) . (A8)
This is the well-known Ward-Takahashi identity in QED, which is generalized for the lattice
fermion system.
1. First order Ward-Takahashi identities
It is interesting to note that we could also obtain Ward-Takahashi identities for quantities
involving higher order terms in photon momenta and multi-photon vertex functions. In order
to see that, let us take the second derivatives of Eq. (A4). One obtains
∂2S−1F (p)
∂pµ∂pν
= i2
∞∑
n=1
n∑
a,b=1
a<b
[
Mµ1···µa−1µµa+1···µb−1νµb+1···µn + (µ↔ ν)
] 1∼n∏
i 6=a,b
(ipµi) (A9)
Let us also differentiate Eq.(A5) with kν or pν and take the soft photon limit. We obtain
∂Γ(1)[k, µ; p]
∂kν
∣∣∣∣
k=0
= −i2
∞∑
n=1
n∑
a,b=1
a<b
Mµ1···µa−1νµa+1···µb−1µµb+1···µn
1∼n∏
i 6=a,b
(ipµi) (A10)
∂Γ(1)[k, µ; p]
∂pν
∣∣∣∣
k=0
= −i2
∞∑
n=1
n∑
a,b=1
a<b
[
Mµ1···µa−1µµa+1···µb−1νµb+1···µn + (µ↔ ν)
] 1∼n∏
i 6=a,b
(ipµi)(A11)
Taking also the soft photon limit of Eq.(A6), we obtain
Γ(2)[k, µ; l, ν; p]
∣∣
k,l=0
= −i2
∞∑
n=1
n∑
a,b=1
a<b
[
Mµ1···µa−1µµa+1···µb−1νµb+1···µn + (µ↔ ν)
] 1∼n∏
i 6=a,b
(ipµi)
(A12)
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We then obtain the following identities:
∂2S−1F (p)
∂pµ∂pν
= −
(
∂Γ(1)[k, µ; p]
∂kν
+ (µ↔ ν)
)∣∣∣∣
k=0
= −
∂Γ(1)[k, µ; p]
∂pν
∣∣∣∣
k=0
= − Γ(2)[k, µ; l, ν; p]
∣∣
k,l=0
(A13)
2. Second order Ward-Takahashi identities
We could go even further in higher order. Taking the third derivative of Eq.(A4), we
obtain
∂3S−1F (p)
∂pµ∂pν∂pλ
= i3
∞∑
n=1
n∑
a,b,c=1
a<b<c
[
Mµ1···µa−1µµa+1···µb−1νµb+1···µc−1λµc+1···µn + (perm. in(µ, ν, λ))
]
×
1∼n∏
i 6=a,b,c
(ipµi) (A14)
The second derivatives of Eq.(A5) with respect to k or p give
∂2Γ(1)[k, µ; p]
∂kν∂kλ
∣∣∣∣
k=0
= −i3
∞∑
n=1
n∑
a,b,c=1
a<b<c
[
Mµ1···µa−1νµa+1···µb−1λµb+1···µc−1µµc+1···µn + (ν ↔ λ)
]
×
1∼n∏
i 6=a,b,c
(ipµi) (A15)
∂2Γ(1)[k, µ; p]
∂kν∂pλ
∣∣∣∣
k=0
= −i3
∞∑
n=1
n∑
a,b,c=1
a<b<c
[
Mµ1···µa−1νµa+1···µb−1λµb+1···µc−1µµc+1···µn + (ν ↔ λ)
+((ν, λ, µ)↔ (ν, µ, λ))]
1∼n∏
i 6=a,b,c
(ipµi) (A16)
∂2Γ(1)[k, µ; p]
∂pν∂pλ
∣∣∣∣
k=0
= −i3
∞∑
n=1
n∑
a,b,c=1
a<b<c
[
Mµ1···µa−1µµa+1···µb−1νµb+1···µc−1λµc+1···µn + (perm. in(µ, ν, λ))
]
×
1∼n∏
i 6=a,b,c
(ipµi) (A17)
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From the first derivative of Eq.(A6) with respect to k or l or p, we obtain
∂Γ(2)[k, µ; l, ν; p]
∂kλ
∣∣∣∣
k,l=0
= −i3
∞∑
n=1
n∑
a,b,c=1
a<b<c
[
Mµ1···µa−1λµa+1···µb−1µµb+1···µc−1νµc+1···µn
+((λ, µ, ν)↔ (λ, ν, µ)) + ((λ, µ, ν)↔ (ν, λ, µ))]
1∼n∏
i 6=a,b,c
(ipµi)
(A18)
∂Γ(2)[k, µ; l, ν; p]
∂lλ
∣∣∣∣
k,l=0
= −i3
∞∑
n=1
n∑
a,b,c=1
a<b<c
[
Mµ1···µa−1λµa+1···µb−1µµb+1···µc−1νµc+1···µn
+((λ, µ, ν)↔ (µ, λ, ν)) + ((λ, µ, ν)↔ (λ, ν, µ))]
1∼n∏
i 6=a,b,c
(ipµi)
(A19)
∂Γ(2)[k, µ; l, ν; p]
∂pλ
∣∣∣∣
k,l=0
= −i3
∞∑
n=1
n∑
a,b,c=1
a<b<c
[
Mµ1···µa−1µµa+1···µb−1νµb+1···µc−1λµc+1···µn
+ (perm. in(µ, ν, λ))]
1∼n∏
i 6=a,b,c
(ipµi) (A20)
These equations give the following identities:
∂2Γ(1)[k, µ; p]
∂kν∂pλ
∣∣∣∣
k=0
=
∂Γ(2)[k, µ; l, λ; p]
∂kν
∣∣∣∣
k,l=0
=
∂Γ(2)[k, λ; l, µ; p]
∂lν
∣∣∣∣
k,l=0
(A21)
3. Third order Ward-Takahashi identities
Carrying out similar calculations by simply differentiaing Γ(2) and Γ(3) given in Eq.(A6)
and Eq.(A7), we can see that the following identity holds:
∂2Γ(3)[q, µ; r, ν; s, λ; p]
∂qα∂rβ
∣∣∣∣
q,r,s=0
=
∂3Γ(2)[q, µ; r, ν; p]
∂qα∂rβ∂pλ
∣∣∣∣
q,r=0
(A22)
Appendix B: Useful formulae for energy eigenstate
Consider a Hamiltonian in momentum representation H(p) and the normalized complete
set of eigenstates at momentum p labeled by index α (α runs over the states in both the
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valence and the conduction bands) with the following properties:
H(p)|α(p)〉 = Eα(p)|α(p)〉, (B1)
〈α|β〉 = δαβ, (B2)
〈α(p)|H(p)|β(p)〉 = Eα(p)δαβ , (α, β = 1, · · · , N). (B3)
Let us consider differentiation with respect to pµ. Here we introduce the simplified notation
|∂µα〉 = ∂µ|α〉 ≡
∂
∂pµ
(|α(p)〉) , ∂µH ≡
∂
∂pµ
(H(p)) . (B4)
Then differentiating Eq.(B2), we obtain
〈∂µα|β〉 = −〈α|∂µβ〉. (B5)
Also, differentiating Eq.(B3) and making a little algebra, we have
(Eα −Eβ)〈α|∂µβ〉+ 〈α|∂µH|β〉 = ∂µEαδαβ . (B6)
This means the matrix element of the momentum derivative of the Hamiltonian is given as
〈α|∂µH|α〉 = ∂µEα, (B7)
〈α|∂µH|β〉 = −(Eα − Eβ)〈α|∂µβ〉 (α 6= β). (B8)
1. Degenerate flat band case
Let us now consider the special case where all the energies in the valence bands and those
in the conduction bands are degenerate and flat. Then, one can easily see that
〈a(~p)|∂µH(~p)|b(~p)〉 = 0 (B9)
〈a˙(~p)|∂µH(~p)|b˙(~p)〉 = 0, (B10)
〈a(~p)|∂µH(~p)|b˙(~p)〉 = (Ec − Ev)〈a|∂µb˙〉, (B11)
〈a˙(~p)|∂µH(~p)|b(~p)〉 = −(Ec −Ev)〈a˙|∂µb〉, (a, b = 1, · · · , Nv, a˙, b˙ = 1, · · · , Nc).(B12)
where the states with undotted indices |a〉, |b〉 are in the valance bands with constant energy
Ev < 0 and those with dotted indices |a˙〉, |b˙〉 are in the conduction bands with constant
energy Ec > 0.
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Let us define the Berry connection using the negative energy eigenstates as
Aab ≡ Aabµ dx
µ = −i〈a|∂µb〉dx
µ ≡ −i〈a|db〉. (B13)
Then the Berry curvature Fab is
Fab = (dA+ iAA)ab = −i〈da|db〉+ i
Nv∑
c=1
(−i)〈a|dc〉(−i)〈c|db〉
= −i
[
Nv∑
c=1
〈da|c〉〈c|db〉+
Nc∑
c˙=1
〈da|c˙〉〈c˙|db〉
]
− i
Nv∑
c=1
〈a|dc〉〈c|db〉
= i
Nv∑
c=1
〈a|dc〉〈c|db〉+ i
Nc∑
c˙=1
〈a|dc˙〉〈c˙|db〉)− i
Nv∑
c=1
〈a|dc〉〈c|db〉
= i
Nc∑
c˙=1
〈a|dc˙〉〈c˙|db〉 (B14)
Appendix C: Useful formulae for p0 integration
We define the following p0 integrations:
I [m,n](E1, E2) ≡
∫
dp0
2π
1
(ip0 + E1)m(ip0 + E2)n
(E1 6= E2) (C1)
Simple contour integral by adding a contour in the lower half semi-circle in the complex p0
plane and picking up poles in the lower half plane, we obtain
I [m,n](E1, E2) = (−1)
m (m+ n− 2)!
(m− 1)!(n− 1)!
·
θ(−E1)− θ(−E2)
(−E1 + E2)m+n−1
. (C2)
In particular, when (m,n) = (n+ 1, n)
I [n+1,n](E1, E2) = (−1)
n+1 (2n)!
2(n!)2
·
θ(−E1)− θ(−E2)
(−E1 + E2)2n
(C3)
holds. This formula is useful in making p0 integration of the propagator expressions for
Chern-Simons level.
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